The field theory limit of antiferromagnetism with holes is described using the O(3) nonlinear sigma model. The minimal coupling to the spin-wave gives a Pauli term that couples the hole charge density to the topological charge density for solitons. This term leads to drastic consequences; an attractive potential for holes and solitons, spin-charge coupling for the holes and zero-momentum modes. The zero-momentum modes are exact nonperturbative solutions to the full coupled equations of motion for spin-waves and holes. The effect of a Chern-Simons term, connections to other mean-field approaches and the quantum boundstate problem are discussed. If the zero-modes are the states of lowest energy, then the holes in this field theory limit are attached to skyrmions.
Thus the disordered state could be equivalently viewed as the soliton condensed state. 5 If the soliton could bound two holes and no more, then the other half of the picture, namely Cooper pairs, provide an explanation for the superconductivity.
Interestingly enough, many of these notions can be explicitly written as solutions to various equations. Although the solutions are difficult to extract, the classical and quantum regimes will be systematically discussed. Even though our conclusions are that soliton-hole energetics do not favor the above picture, the possibility remains
that new methods may demonstrate the above scenario. The attractive feature of this description is its uniqueness to two dimensions and its deep connection to the magnetic properties. 
with p = 0,1,2; D, = a,, + iA,; and 2 a complex two-spinor (a, /3). The theory -has one dimensionful coupling constant j and constraint fields ~(2) and A,(z).
The Neel state corresponds to the field theory ground state of CI = constant and -' --p2 = 1 -02. The field theory description has precisely the same number of massless spinwave modes as the lattice version, but unlike the lattice version, has a spacetime Lorentz symmetry.lr
The Hamiltonian in the presence of holes on the lattice is probably something like the Hubbard Hamiltonian with onsite repulsion and nearest-neighbor hopping. I2 The field theory limit of the Hubbard Model is much more difficult to derive although many mean-field models exist.13
Writhe limit of large onsite repulsion, one can instead start with the t-J model -with hopping parameter t and a Heisenberg spin-stiffness term J. At zero doping, i I.
the t term is irrelevant since it will lead to double occupancy which in the large U limit is energetically suppressed. The Heisenberg interaction is then mapped onto the sigma model by dividing the two-dimensional lattice into nonintersecting plaquettes of four sites each giving four mean-field variables for each plaquette.
The massless modes in the large S limit are just the $ and n,#, fields which then describe the sigma model. 
where we consider holes of any general coupling g and mass m (ti = 1, c = 1). The 1c, is a complex two-spinor and the yp is a 2 x 2 spin matrix that will be defined below. 
where r ' = (r/X)lNl, with X being the size and N the winding number. The lowest-energy excitations are the N = fl solutions with energy 27r j. The energy is independent of X and this is the size instability that was addressed in an earlier The first scenario will be shown easily not to hold true. Our idea on the f second possibility, as we demonstrate here, provides a consistent mechanism.
-1
As we saw above, the effect of holes is to introduce two species of fermions interacting with the CP1 gauge field. l5 If we integrate out the fermion degrees of _ freedom,r6 we obtain the following effective action for the spin-waves to lowestorder momentum,
k = g2/4.rr since we have two species with the same-sign mass. The same-sign mass has been suggested as a way of realizing the parity-violating Chern-Simons term17 and our purpose is to study only its effect on the soliton stability. Our -results on soliton-hole pairing do not depend upon the signs of the mass terms.
Dilation invariance of the energy functional is broken when the Chern-Simons term is present. In an earlier paper,r* we suggested a parameterization of the 2 fields This interaction represents a coupling of the fermion charge density to the topo--. logical charge density where the general topological conserved current is given by Jp = c,,,P'Z+PZ.
2o This additional term is the origin of the attractive potential for both the relativistic and the nonrelativistic cases. This higher-derivative interaction between spin-waves and holes has been missed in all other mean-field approaches, but here it emerges naturally. Having now a wave equation for the holes in a soliton background, we look for eigenstates.
To generalize for a moment, it is known 21 that for A0 = 0, static fermion zero modes exist for any B as long as the c$( ) x corresponding to it is continuous. These zero-momentum modes are, in the gauge 9 . x, $0 = 9 (rd(x, Y>> 2 exp We) ,
for o,lc) = II+, where the restriction on k to the nonnegative integers arises from the integrability of the wavefunctions. Therefore, the zero-momentum modes in the s&ton background have E = fm and are given by 
then the final zero-mode equation would be exactly as before, and similar restrictions on sgn(gNs,) would arise for s, = fl. For higher angular momentum states, we tite +(r,S) = #'x(r) . (14) Previously, we analyzed the restrictions on g, sZ and N arising from normalizability.
The k quantum number for the zero-modes corresponds precisely to the angular momentum quantum number, and integrability of r$a2(r) for the zero-modes re--_ . quires 1gNI -lkl > 1 and k > -l/2.
The effective potential shows attraction in the s-channel only when sgn(gNs,) < 0 and the long-distance behavior is like +l/r21NI. Th e p t t' 1 o en la is thus short-ranged but attractive at small distances (see 
In physical units X < g/3 A, which, 'f 1 we use values of g in the range of one to ten, gives an upper limit to soliton size of the order of one lattice spacing. Since the sigma model represents the long wavelength fluctuations, details at the level of one-lattice spacing are more difficult to accept. In any case, the interaction of holes and subsequent binding, at least at the classical level, break the dilation invariance and establish an upper bound on soliton size. Although the classical result favors X + 0, the exact quantum problem, in principle, fixes the soliton size to a finite range, as we will see below. 
Solutions for eigenvalues E = 0 were the zero-modes we explicitly constructed above.
-.
It is necessary for soliton-hole binding to demonstrate that solutions for positive E also exist. We turn now to the search for boundstates.
-' '-Saddle-Point Approximation. 
Even for n = 0, we find no positive, i.e., boundstate, solutions to c The case for k f 0, and separately N f 1, cannot be done so easily; but even here, we -'find that the quantum fluctuations push the hole out of the minimum into the continuum, i.e., E is always negative. The saddle-point approximation is sensitive to anharmonic r3 and higher-order terms; especially so here, since our potential goes to zero quickly for T > 1. Since these higher-order effects make the approximate 
has no real solutions. states give lower energy for the lattice with one hole,25 the zero-mode states will not be energetically favorable.
-. There exist many perturbative calculations of single holes in an antiferromagnet.
The zero-momentum modes presented here are exact classical solutions in the long wavelength limit. 
